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Abstract. We study the initial value problem associated to the dispersion 
generalized Benjamin-Ono equation. Our aim is to establish well-posedness 
results in weighted Sobolev spaces via contraction principle under minimal 
requirements in the weighted order of the space. One of our new main ideas 
is the deduction of a pointwise estimate concerning the group describing the 
solution of the linear problem and the fractional weights. 



1. Introduction 

In this work we shall study the initial value problem (IVP) for the dispersion 
generalized Benjamin-Ono (DGBO) equation 



(1.1) 



d t u - D 1+a d x u + ud x u = 0, i.iel, < a < 1, 
u(x,0) = u (x), 

where D s denotes the homogeneous derivative of order s£l, 

D s = (-dly' 2 so D s f = c s (\t\ s J)\ with D s = (Ud x 

and H denotes the Hilbert transform, 



ft/Or) = ~lim / ^ ^dy=Hsgn(C)/(6) v (x). 

\y\>e 

When a — 1 the equation in (|1.1[) becomes the Korteweg-de Vries (KdV) equation 

(1.2) d t u + d%u + ud x u = 0, t,x eR, 

and for a — the equation in (jl.ll) is the Benjamin-Ono (BO) equation 

(1.3) d t u-Udlu + ud x u = Q, 

Both the KdV and the BO equations originally arise as models in one-dimensional 
waves propagation (see [37], [1], and [35]) and have widely been studied in many 
different contexts. In particular, these two equations satisfy infinitely many conser- 
vation laws and are integrable by the inverse scattering method (see [2] and [llj). 
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For < a < 1 the equations in are not integrable, but their real solutions still 
satisfy three conservation laws 




We shall be mainly concerned with the well-posedness of the IVP (jl.ip . As in 
[26] we shall say that the IVP (jl.ll) is said to be locally well posed (LWP) in the 
function space X if for each uq £ X there exist T — T(||uo||x) > and a unique 
solution u G C([—T, T] : X) n .... = Yt of the equation in (jl.ip . with the map data 
—> solution being locally continuous from X to Yt- If T can be taken arbitrarily 
large, then the IVP (11.11) is said to be globally well posed (GWP). 

In the case of the KdV equation, a = 1 in (|l.lj) . the well-posedness problem in 
classical Sobolev spaces 

(1.7) H S (R) = (1 - d 2 x y s/2 L 2 {M.) = J- S L 2 (R), set, 

has been studied in [48], [7], [26], [30], g], [32], [14], and finally in [19] and [34] 
where global well-posedness was established for s > —3/4. 

In the case of the BO equation, a = in (jl.lj) . the well-posedness problem in 
H S (R) has been considered in [J], [25], [47], [35], [27], [50], [10], [41] and in [23] 
where global well-posedness was established for s > 0. 

In the case a £ (0, 1) Kenig, Ponce and Vega [32] showed that the IVP (jl.ip is 
LWP in iJ s (R) if s > 3/2 - 3a/4. This LWP and the conservation laws (fl~5]) - ([L6]) 
lead to GWP for a > 4/5. 

In [35] Koch and Tzvetkov improved the result in [32] by proving LWP in H s (R) 
for s > (9 — 3a)/ 8. This LWP combined with the conservation laws (jl.5j) - (ll.6j) yield 
GWP for a > 5/7. 

In [44] Molinet, Saut and Tzvetkov showed that for any s e R and any T > 
the map data solution uq — > u(x, t) for the IVP (jl.ip with a S [0, 1) from H S (M.) to 
C([0,T] : _ff s (R)) is not C 2 (see also [36 )• In particular, this implies that no well- 
posedness result for (jl.ip can be established based solely in a contraction principle 
argument. Also this result shows that the splitting frequency argument given in [5] 
and the "I-method" introduced in [13] used to obtain GWP below the conservation 
laws do not apply for the equation in (jl.ip with a £ [0, 1). 

The result in [44] motivated the study of the well-posedness of the IVP (jl.ip in 
other spaces rather than the classical Sobolev spaces (|1.7[) . 

In [TJ] Colliander, Kenig and StafSlani obtained LWP via contraction principle 
for the IVP CLi]) in F s with s > (1 + a)/2 where 

F s = {f £ H S (R) : J s -( 1+a )(a;/) £ i 2 (R)} 

with the norm 

\\f\\ F s = \\f\\ Sl 2 + \\xf\\ s - {1+a) , 2 . 
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The proof in |12j relies on a contraction principle argument applied on a modified 
version of the so called Bourgain's space introduced in the context of dispersive 
equations in [5] . We observe that when s = 1 + a one has 

(1.8) Z 1+aA = H 1+a (R) n L 2 (\x\ 2 dx). 

In [33] Molinet and Ribaud obtained a well-posedness result via contraction 
principle for the IVP (|l.lj) with a G (0,1) in the weighted low frequency Sobolev 
spaces 

H%(R) = {/ : R -> R : \\(0 S (\tn)fh < oo}. 
More precisely, it was shown in 43 that the IVP (fTTTT) is LWP in H± (R) with 
s > (2 + a)/4 and 7 G [(4 + 3a)/(8 + 8a), 1], and GWP if in addition s > (l + a)/2. 

In [21 Hcrr showed LWP for the IVP (HH) in H S (R) for s > -3a/4 (and GWP 
for s > 0) with an additional low frequency constraint on the initial data. 

Latter, in [20] Guo, inspirited in the work of Ionescu, Kenig and Tataru [24] on 
the KP-I equation, obtained LWP for the IVP CQ]) in H S (R) for s > 1 - a. This 
and the conservation laws yield GWP for a > 1/2. 

Finally, in [35] Herr, Ionescu, Kenig and Koch were able to establish the GWL 
of the IVP (H3]) with a G (0, 1) in L 2 (R). 

In order to present our results, we introduce the weighted Sobolev spaces 

(1.9) Z s ^ p = H S (R) r\L 2 (\x\ 2p dx), s,peR. 
Theorem 1.1. Let a G (0, 1). If uq G Z s , p with s > 3/2 - 3a/4 and 

_ 3(4-a)(2-a) 
9 ~ Pa ~ 4(8 + a - 3a 2 ) - 
Then for any T > there exists a unique solution 

(1.10) ueC([-T,T] : Z,, p ) 
of the IVP (jl.ip satisfying 

(1-11) H^ +(1+a)/2 «llL^ < OO, 

(1.12) HUSLS? + H«llLi+-L- < OO, 

and 

(1.13) \\d x u\\ L * TL ^ < 00. 

Moreover, for any T' G (0,T) there exists a neighborhood W of uq in Z s>p = 
H S (R) n L 2 (\x\ 2p dx) such that the map uq u(t) from W into the class defined by 
(fTTTCl)) (fTTT^|) is smooth. 

Remarks : (a) It will be clear from the proof of Theorem 11.11 given below that if 
in addition we assume that 

u eH s '(R), \x\ p 'u Q G L 2 (R) 

with 

5 3 3 

P' e (Pa, 2 + fl ) and s ' > 2~ { l + a ){p' - Pa) 

then 

ueC([0,T] :H s '(R)r)L 2 (\x\ 2p 'dx)). 
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(b) We recall that persistence properties in Z St k with k G Z + and s > fc(l + a) 
can be deduced from the commutative property of the operators 

(1.14) T a = x + {2 + a)tD 1+a , and C a = d t - D 1+a d x , i.e. [r Q ;£ Q ]=0, 
which implies that 

(1.15) xW a {t)u (x) = W a {t)(xu ){x) -(2 + a)tW a (t)(D 1+a u )(x), 
with {Wa(£) : t G R} denoting the unitary group in L 2 (R) defined by 

(1.16) W a (t)uo(a:) = (e u ^ 1+a ^(0) v {x). 

One of our main ideas in the proof of Theorem 11.11 is to deduce a pointwise 
formula for the "fractional weights" . More precisely we shall prove : 

Lemma 1.2. Let n = 1, a £ (0, 1) and a > 0. Let {W a (t) : t G R} be the unitary 
group of operators defined in (|1.16j) . If 

(1.17) uo G Z a(1+aha = H a ^ 1+a \R) n L 2 (\x\ 2a dx), 
then for all t G K. and for almost every i£l 

(1.18) \x\ a W a (t)u (x) = W a (t)(\x\ a u )(x) + W a (t){<S> a j„ a (u )(C)} v {x) 
with 

(1.19) ma.tA^mVh < c(l + |*|)(||«o||a + ||I> o(1+o) uo||a). 
Moreover, if in addition to (|1.17p one /ias f/iaf /or /3 G (0, a) 

(1.20) Z?^(|a;| Q uo) G L 2 (R) and u G H> 3+a{l+a ^ (M), 
t/ien /or a/H £ I and /or almost every i6K 

D^(|ar|°'W a (t)uo)(a;) 

(1.21) 

= W o (t)(£>^| a rr U0 )(ar) + W (t)(^({$a ) t, a (^o)(0} V ))(^) 

(1.22) ||^({$a, t , Q ^o)(0} V )ll2 < c(l + |t|)(|[«o||a + ||^ +Q(1+a) "ol| 2 )- 

(|1.18l) - (|1.19l) can be seen as an extension of (I1.15[) for fractional weights. As it 
will be remarked below the result in Lemma 11.21 can be adapted to general groups 
describing the solution of the linear part of a dispersive equation. 

The proof of Lemma 11.21 will be based on a characterization of the generalized 
Sobolev space 

(1.23) L a - p (R n ) = (1 - A)- Q / 2 L p (M"), a e (0,2), p e (l,oo), 

due to E. M. Stein [49] (see Theorem D below). 

We observe that the result in Theorem 11.11 is global in time. This will follow 
by combining the fact that the solutions constructed here agree with those in [30] 
and those in [35] (which are global in time) and that in the estimates the weighted 
norms appear linearly together with others which are a priori bounded in any given 
interval. Since our argument is based on the contraction principle one has that the 
map data — > solution is locally (in time) smooth, from Z s<p into the class defined 
by 1001 1- 0511 . 

The value s > 3/2 — 3a/4 already appears in the LWP result in [50] and as there 
the proof is based in the use of several mixed space time norms (describing the 
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smoothing effect, the Strichartz estimates and the maximal function). However, 
here the proof on the weighted spaces is based in a contraction principle. Also we 
notice that the weight p a satisfies 

3(4- Q )(2-a) 
P = Pa= 4(8 + a- 3a 2) ^O' 1 )' 

In this regard, we have that in a previous work |17) we found the maximum decay 
of a solution of (jl.ljl . 

More precisely, in [H]-[TS] for a — and in [T7] for < a < 1 we prove the 
following results: 

Theorem A. Let a G [0, 1). 

(a) If uq G Z s ^p with s > So(p, a) > p(l + a) and p E [0, 5/2 + a), then the solution 
u the IVP p.ip found in [22) satisfies that 

ueC([-T,T] : Z s , p ). 

(b) If uq € Z s , p = {/ £ Z sp : /(0) = 0} with s > so(p, a) > p(l + a) and 
p G [5/2 + a, 7/2 4- a), t/ien £/ie solution u of the IVP found in [22j satisfies 

UGC([-T,T] : 

(c) Let u G C([— T, T] : ^ s ,(5/2+ a )-) wiift s > so( a ) > and T > and &e a 
solution the IVP If there exist two times t\,t2 G [— T, T], ii £2? suc/i </ia< 

(1-24) «(•,*,■) eZ..B/2+a, J =1,2. 

T/ien u(0,i)=u o (0) = 0, V< G [-T, T]. 

Remarks : (a) Theorem A part (c) shows that persistence in Z s _ p with p = 
(5/2 + a) ~ is the best possible for general initial data. So we have that there are 
solutions u — u(x, t) of the IVP (jl.ip with 

(5/2+a)- r°o/r n T l . r2 



G L°°([0, T] : L (M)), T > 0, 



but there does not exist a non-trivial solution u corresponding to data uq with 
«o(0) ^ such that 

\x\ 5/2+a u £ L°°([0,T'} : L 2 (R)), for some T' > 0. 

(b) The result in Theorem A for s = 1 + a was established in [12] . 

Theorem B. Let u G C([-T,T] : £ a ,(7/2+a)-) s ^ s o( a ) a7lc ^ 7 1 > ae a 
non-trivial solution of the IVP If there exist three different times ^1,^2,^3 G 

[— T, T] smc/i t/iat 

(1-25) u(-,*i)eZ. |7/a +„, j = 1,2,3. 

T/ien m = 0. 

Remarks : (a) Theorem B shows that the decay p — (7/2 + a) ~ is the largest 
possible. More precisely, Theorem A part (b) tells us that there are non trivial 
solutions u — u{x, f) verifying 

| x |(7/2+a)- u g L ooQ 0)T ] . L 2 (R)) ; T > 0, 

and Theorem B guarantees that there does not exist a non-trivial solution such 
that 

\x\ 7/2+a u G L°°([0,T'] : L 2 (R)), for some T' > 0. 
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(b) Theorem A part (a) with p = 1, 2 and part (b) with p = 3 and Theorem B 
with p = 4 for the BO equation (a = 0) were obtained in [25j . 

Theorem C. Let u G C([— T,T] : Z s ^ 7 / 2+a) -) with T > and s > s (a) 6e a 
non-trivial solution of the IVP smc/i t/iat 

/oo 
a; wo (a;) da; 7^ 0. 
-00 

Then there exists a unique t* ^ smc/i t/iai u (t*) € -Z s t +a . 

Remarks : (a) Notice that a > a, so Theorem C shows that the condition of 
Theorem B at two times is in general not sufficient to guarantee that u = 0. So, in 
this regard Theorem B is optimal. 

The linear growth in "a" of the strongest possible spatial decay of the solution 
of (jl.ip is consistent with the form of the traveling wave solutions of the DGBO 
equation. Let 

v(x,t) ^c 1+a (t)a(c(x~c 1+a t)), c>0, 

where <f> a is called the ground state, which is an even, positive, decreasing (for 
x > 0) function. In the case of the KdV equation (a = 1 in (jl.ljl ) one has that 

ct>i(x) = ^sech 2 (|) , 

whose uniqueness follows from the elliptic theory. In the case of the BO equation 
(a = in one has that 

(1-27) <M*) = j^a, 

whose uniqueness (up to symmetry of the equation) was established in [3] . 

In the case a £ (0, 1) in (jl.ll) the existence of the ground state was established in 
[51] by variational arguments. Recently, uniqueness of the ground state for a e (0, 1) 
was established in [18 . However, no explicit formula is known for </> a , a € (0,1). 
In [28] the following upper bound for the decay of the ground state was deduced 

M x ) ^ ( 1 + Jy+a/2 > 0<o<l. 

Thus, one has that for a E [0,1) the ground state has a very mild decay which 
increases linearly with the parameter a as in the results in Theorem ll.il Roughly 
speaking, this is a consequence of the non-smoothness of the symbol modeling the 
dispersive relation in (|1.1[) er a (£) = |£| 1+a £- 

It will be clear from our arguments below that in the case of higher power in the 
nonlinearity in ([l.ip i.e. 

d t u - D 1+a d x u + u k d x u = 0, fc = 2,3,... ae(0,l), 

the contraction principle applies directly in the spaces H S (R), with s > So(k) 
without the need of the weight. 

Our approach also allows to extend known results for solutions of the KdV 
equations to solutions of the IVP (jl.ll) . In [5] Bona and Saut proved that there 
exist initial data uq £ L 2 (R) satisfying uq(0) = 00 and their corresponding solutions 
u{x, t) of the KdV equation are continuous in R 2 — {(0, 0)} and bounded away from 
the origin. They called this phenomenon "dispersive blow-up" . A key observation 
in this analysis is the smoothing property of the integral term in the Duhamel 
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representation of the solution. This regularity was obtained in [5] establishing a 
local theory for the IVP associated to the generalized KdV equation 

(1.28) d t u + dlu + u k d x u = 0, k e Z+ 

in weighted spaces. In [3 9) this property was proved using smoothing estimates for 
k > 2. Similar results were obtained for the cubic nonlinear Schrodinger equation 
([6]) and higher dispersion equations ([38]). 

In the same regard, we have that from Kato's existence theory in [26] for the 
KdV in the weighted spaces L 2 ((l + e x )dx) that the solution u(x, t) corresponding 
to datum uq(x) = e - ^' satisfies that u e C°°(IR 2 — {(0,0)}). In this direction we 
shall prove: 

Theorem 1.3. There exist initial data uq € C^R — {0}) such that the correspond- 
ing solutions u(x, t) of the IVP (jl.ip satisfy that 

u(-,t) 6 C^R), Vt^O. 

The rest of this paper is organized as follows: section 2 contains all the pre- 
liminary estimates to be used in the proof of Theorem 11.11 including the proof of 
Lemma rOl Section 3 contains the proof of Theorem ll.il Finally, Theorem 1 1.31 will 
be proven in section 4. 

2. Preliminary Estimates 

We recall that solutions of the linear IVP 

jd t u- Dl +a d x u = 0, i,fel, a6(0,l) 
|u(x,0) = u Q (x) 

are given by the unitary group {Wo^)}^,, defined via Fourier transform by 
(2.30) W a (t)u = (e 4 *l«l 1+ °W) V . 

Solutions of the linear problem (|2.29[) satisfy several regularizing properties. We 
begin listing some of them. 

Proposition 2.1. (Linear Estimates) Let a G (0, 1). 

(1) Homogeneous smoothing effects, 

(2-31) \\D^ +a)/2 W a (t)f\\L^ T <c a \\fh 
and 



(2.29) 



(2.32) ||£>i 1+a)/2 / W a (t t')F{t')dt'\\ L ^ Ll < c \\F\\ L}r _ 

Jo 

(2) Nonhomogeneous smoothing effect, 

(2.33) \\Dl+ a [w a (t - t')F(t')dt'\\ LrL2 < c\\F\\ LlL , 

Jo 

(3) Dual estimate, for all t € [0,T] 

(2.34) Pi 1+a)/2 f W a (t - t')F(t')dt'\\ Li < c\\F\\ LlL% 



s 
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(4) L 2 maximal function estimate, 

(2-35) \\W a (t)f\\ LlL¥ <c(l + T)1/|| s ,2 

where p > 3/4 and s > (2 + a)/4. 

(5) i 4 maximal function estimate, 

(2.36) nw (t)/ii £! i £ o. < C |i^yvii 2 . 

(6) Strichartz estimates, for any (#,7) G [0,1] x [0,a/2] 
(2-37) \\D^ )/2 W a {t)f\\ L , Ll <c\\f\\ 2 

where {q,p) = (2(2 + a)/6>( 7 + 1), 2/(1 - 9)). 

Proof. The estimates (I2.31[) , (12.33)) and (|2.35[) were proved in [32]. The inequalities 
(|2.36l) and (I2.37P were established in [29]. Finally estimate (|2 . 32[) follows from 
(|2.3ip and group properties. For further details we refer to [40 . □ 

Remark 2.2. Notice that for ($,7) = (1, a/2), the estimate (|2.37|) becomes 

(2-38) \\D a/i W a (t)f\\LtLz> <c\\fh- 

Lemma 2.3. For a € (0, 1) i£ fto/ds 

(2.39) HW a (t)/ll f 4/ (1+ , )r?J < c T \\fh 1+(1 + a)l) y 2 , 9 €[0,1], 

(2.40) \\d x f W a (t - f )df < cT a '^ \\F\\ Ll , 



JO 

and 

(2.41) \\D' a f W a {-t')F(t')dt'\\ L ~ Ll < cT a '^ \\Dl-^-^F\\ Ll , 



Proof. The inequality (|2.39p follows interpolating the estimates (|2.35l) and (I2.36p . 

From estimates (|2.33l) and (I2.32p and interpolation we obtain (12.401) . 

Finally, the inequality (|2.4ip is established using the estimate (|2.34p , group prop- 
erties and interpolation. □ 

One of the key linear estimates is next. 
Lemma 2.4. For a £ (0, 1) and t € [0, T] 

(2.42) \\W a (t)f\\ Li+ . L¥ < c T (\\\xr + f\\p.2 + \\f\\s^ t2 ) 
where lo — — and p 



4(2 + a) ' 4(2 + a) 

Proof. We first see that Holder's inequality shows that for 9 € (0, 1) and ui 
4- (1 + 6>)(1 + a) 



4(1 + a) 



(2.43) \\f\\ Ll+a <c\\{xr+f\U n+s . 
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Now using (|2.43p . the formula (|1.18|) in Lemma H~2l and inequality (|2.39[) we have 
for t G [0,T] that 

< c r (|||a!| w+ W a (t)/|| r vi+« r « + ||W (t)/|L*/i+» 7 o.) 



x 1 

< c T {\\W a {t)\x\ u+ f\\ L *n+* L °o + ||W' (t)$ ai t^(/)|| 2 .4/i + . £0 



(2.44) 



□ 



< ct( \\\xr + fha + \\D^ aA M)hi + ll/H (i± ^h)+ 2 ) 

<CT (|| |*r + /|k2+ ll/ll(l+a)c+^2) 
<CT (|| \x\ U+ f\\p,2 + 11/11(1^,2). 

Remark 2.5. We observe that the next inequality holds 

(2.45) \\4({ x r + f)\\ L , < \\(xyf\\l- 2 TJ 3 J 2 - 3a/4 f\\h 

4-a , 3(4-o)(2-o) . , mN 

^ = 57^ 2T arirf P = T7F~; 5~~2T' ( see ^ or stance @5J . 

3(4 — or) 4(8 + a — 3ar) 

VFe afeo notice that by using the class of pseudo-differential operators described 
in |28) it follows: for a, b G (0, 1) 

ll<s>vVl| a ~llA<*> , 7)l| 2 . 

Next, we recall the Leibniz rule for fractional derivatives proved in [31] . 

Lemma 2.6. Let a G (0, 1), at, Q.2 G [0, a] wifft a = ai+a2. Letp,pt,P2, q, qt,Q2 G 
(1, oo ) fee smc/i £/ia£ i = — + — anc? - = — + — . Then 

\ ' ' p pi P2 9 91 92 

(2.46) ||£>«(/<7) - £>£/<? - /U^lliji. < cpSVILjii* P" 2 /IL-l- ■ 
Moreover, for a± = i/ie uaZite q± = oo is allowed. 



Finally, we turn our attention to the proof of Lemma 11.21 We shall start with a 
characterization of the Sobolev space 

(2.47) L a - p (R n ) = (1 - A)- Q / 2 L p (R"), a G (0,2), p G (l,oo), 
due to E. M. Stein g<5]. For a G (0, 2) define 

(2.48) IWW-gjijf *'tfc/ W ». 

£^U C Q J|y|> £ 1 2/ 1 

where 

(2.49) c Q = W 2 2~ Q r(-a/2)/r((n + 2)/2). 

As it was remarked in [49] for appropriate /, for example / G <S(R n ), one has 

(2.50) rXj(o = fPf (o ee ier 1(0- 

The following result concerning the L a >P(W l ) = (1 - A) a / 2 LP(R") spaces was 
established in l49l: 
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Theorem D. Let a £ (0,2) and p £ (l,oo). Then f £ L a >P(R n ) if and only if 

f (a) / € L"(R"), 

(2.51) I 

[ 0) D a f £ LP(W l ), (D a f{x) defined m flUg])), 

(2.52) \\f\\ a>p = ||(1 - A) Q / 2 /|| P * ll/llp + \\D a f\\ p ~ ll/Hp + || £ Q /|| P . 
Notice that if /, fg £ L a ' p (R n ) and g £ L°°(R n ) n C 2 (M") one has 

n w s ,. 1 [ f( x + v) 9(x + y)- f(x) g{x) 
D a {fg)[x) = hm— / -—— dj/ 

*->o c a J\ y \ >e \y\ n+a 



(2.53) 



1 f f( X + y)-f( X ) 

e ^oc Q 7| y |> e \y\ n+a 



= g{x) D a f{x) + A a ((g(- + y) - g(-))f(- + y))(x) 

In particular, if g(x) = e l ^ x \ then 

A a ((g(- + y)-g(-))f(- + y))(x) 



(2.54) ^0c a J {y[ > e \y\ n + a 



e «*W lim - / v - ra f{x + y)dy. 



Thus, one gets the identity 

(2.55) D a (e**W /)(x) = e^ x > D a f(x) + e 1 ^ K a {{ e t{ ^ x+y) ^ {x)) - l)f{- + y)){x). 
Assuming that 

(2.56) n = l, ae(0,l), <£(x) = ^ a ,t(x) = i |x| 1+a x, with a > 0, 
we shall obtain a bound for 

|| Act((e Wx +a) -0(,))„ 1)/( . +2/)) || p 

(2.57) 

/ e i(<j>(x+y)-^>(x)) _ ^ 
y\>e + y)dV 

We restrict ourselves to the case a £ (0,1) which allows us to perform estimates 
by passing the absolute value inside the integral sign in (|2.54l) . 
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We recall the elementary estimates 
(2.58) 



(a) V6»GK |e l9 -l|<2, 

(b) V6»eM \e ie - 1| < 2|sin(0/2)| < 



Combining ()2.58j) (a) and Minkowski's integral inequality it follows that 

e i(c/>(x+y)-4>(x)) _ y 



(2.59) 

< 



uii+a f(x + y)dy\\ p 

|y|>l/100 \y\ 



f -r^\\f(- + y)\\ P dy <c a 

J\y\>l/W0 \y\ + 



'|»|>1/100 

So, it remains to estimate 
(2-60) || lim / f(x + y)dy\\ p . 

c ^°Je<\y\<l/W0 \y\ + 

From (|2.58l) (b) and the mean value theorem one has that 

(2.61) |e*(*(«+id-*(»)) - 1| < \(f,(x + y)- <f>(x)\ = \y\ \ [ 4>'{x + sy)ds\, 

Jo 

with 

(2.62) (/)'(x) = (2 + a)t\x\ 1+a . 
In particular, if |x| < 1 one has 

| e i(*(x+»)-*(x)) _ 1| < c | t | lyl, 



and 



(2.63) 



r e i(<t>{x+y)-<t>{x)) _ i 

^4 M < 1/100 — — /(x + y)dy lliP(Si(o)) 



<\t\f m + f\t W)) dy<o a , a 

J\y\<l/W0 \y\ 

From the above estimates we can restrict ourselves in (|2.57|) to the case: 

\y\ < 1/100, and \x\ > 1. 

We sub-divide it into two parts: 

(2.64) (a) \y\\x\ 1+a <l, (b) \y\\x\ 1+a >l. 

In the case (a) in (|2.64|) we change variable, y — \x\ 1+a y, use (|2.58l) part (b), 
(12.611) . (|2.62l) . Minkowski's inequality and a second change of variable to obtain the 
bound 
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\t\\x\ 1+a \f(x + y)\ 

\ y \<i/\x\ i +" \y\ 



\t\\ x \^)\f( x + ¥ y^)\ 



(2.65) <M f \t\\x +¥ ^\^\f(x + ¥ ^)\ 



#IU*({|a:|>:l}) 

\y\<l \y\ 



|t||^r| Q(1+o) 1/(^+^)1 .„ 

mi w dvh^m) 



(2.66) 



< c a , a \t\{\\\4 1+a)a f\\ P + \\f\\ P l 



j^ = y, M< i/ioo, |*| >i, so d (x + j^_)~dx. 



In the case (b) in (|2.64[) changing variable, y = |x| 1+a ?/, using (12.58)) part (a), 
Minkowski's inequality, and a second change of variable as in (|2.66[) we get 



f(x + y)\ , n 



|„|l+o 



Sl>i 



U|(l+a)a y 
|g|l+a ^ + ^1+^)1 ^Hi"({kl>l}) 



(2.67) ^ 1/1 



< C a ,a / F + 



\y\>\ F| 1+a 



c, 



lf/l>i 



ll/( s + up?) Hi p ({^i>i}) T-rfc 



<c a , Q (||/|| p + ||N( 1+ ^/|| p ). 

Therefore, collecting the above results we have the proof of the following: 
Lemma 2.7. Let n =1, a G (0, 1), a > 0, and p £ (1, oo). // 

/ei tt < p (R)nL p (|a;| Q(1+Q)p da;), 
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then for all t 6 R and for almost every x £ 



(2.68) D a (e u ^ 1+ax f)(x) = e^"* D a f(x) + e «M 1+B * <Z> aAa (f)(x), 

with 

I f e it(\x+y\ 1+a {x+y)-\x\ 1+a x) _ -y 
c q J\y\>e 



I f e it{\x+y\ 1+a (x+y)-\x\ 1+a x) _ i 

(2.69) Sa,t,«(/)(aO = lim - / r^— /(re + y)dy, 

e— >U C a J| v |> e \y\ 



(2.70) ||*«, t ,a(/)llp < C«,a(l + l*|)(||/||p + II k| Q(1+a) /Hp), 

and c a as m (|2.49p . 

From the proof of Lemma 12.71 it follows that under appropriate assumptions on 
the regularity and the growth of ip : R™ — >• R one has that 

D^e^ f){x) = e «*-W Dj, a f(x) + e^W^^WW, 

with 

1 /" f{x + Vjej) - f{x) 



$j,<p,t,a(f)( x ) = hm — / i„,,n+a /( x + % 



and 

n^>,t,a(/)iip < Ca , a (i + iti)(ii/n P + m^^xjr /ii P ), 

for j = 1, ... ,n. 

Next, we consider the unitary group of operators : t S R} in L 2 (M.) defined 

as 

(2.72) W(t)u (x) = W a (t)u (x) = (e lt ^ 1+ ^u (0) V (x). 
Thus, for a G (0, 1) using (|2.50p one has that 

\x\ a W(t)u (x) = \x\ a (e^ 1+a Zuo(0) V (x) = (A»(e ft|£|l+ ' f 2b(0)) V (*). 
and from Lemma 12.71 that 

(2.73) D a {e lt ^ 1+ ^ 3b)(0 = e lt ^ + ^ + e u ^ 1+a ^ aAa (u )(0, 
with 

||$a, t ,a(So)|| P < C a , Q (l + |t|)(||So|| p + || |e| Q(1+a) SoHp). 

Hence, taking Fourier transform in (|2.73[) we obtain the identity 

(2.74) \x\ a W(t)u (x) = W(t)(\x\ a u )(x) + W(t)({<f> a , t , a (u )(0} v )(x). 
with <& a ,t,a as in (|2.69|) and 

||{^ t , Q (u )(O} V ||2 = ||$ o ,t,a(U0)||2 

(2.75) < ca,«(l + |*|)(||Sb||a + II k| Q(1+a) fiolla) 

<<V,, a (l + |i|)(||«o||2+||I> a(1+B) tio||2). 

Moreover, we claim that if (3 G (0, a), then 

(2.76) £>" (|a;| a W(t)«o)(a:) = W(t){D^\x\ a u ){x) + W{t){D p {^ a ^ a {u mY){x). 
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with 

(2.77) || DP({<S> aAa (u Q )(Oy)(x)h < Ca,*A* + \t\)(\\uoh + II ^ +Q(1+a) wol| 2 ). 

Notice that for uq G S(R) the identities (|2.74p and (I2.76P hold pointwise for each 
(x,t) G R 2 . 

To prove (|2.77[) we need to show that 



it(\i+r,\ 1+a (i+v)-\i\ 1 + a i) _ 1 



\\D X ( rr^ Mt + V)d*l) v h 

(2.78) m 

<W(l + |t|)(lko||2 + ||^ +Q(1+Q) "o|| 2 ). 



Thus, we write 



'""2 



PJ£(/ ^TTS 2b« + »7)*?) V 

fi/3c e «(i?+'?i i+a (?+^-i?r +a «) _ i) 



\(.f( e it(\t+ri\ 1+a (t+v)-m 1+a O _ 1) 

(2.79) r \£\P\eim+ri\ 1+a (t+v)-m 1+a t) _ i| 



W (^ + 7?) d??|| 



2 



<ll /— iTTI+S [ \M( + V)\dvh 



/^L!f __ H| 2o(e + J?) | dj? || 



2 



/• i„|/3| pl t(i«+ t) r +a (c+»?)-i«r +a c) _ ii 

+ <*|| y ^ ^ [ \MS + V)\dvh 

= fii + Sis- 
Following the argument used in the proof of Lemma 12.71 to get (|2.70p one has 
that 

fii < c Q , Q (i + liDciiici^iia + ii icr (1+a) iei^oii 2 ) 

( " SI ' = c„, a (l + |t|)(||X^tio|| a + ||^ +Q(1+a) «o||2). 

To bound we observe that its estimate is similar to that used in the proof of 
Lemma 12.71 with a — f3 instead of a. Hence, 

«2 < C*, a {l + \t\)(\\Uoh + II IC| (Q -' 3)(1+a) "0||2) 
= C , Q (1 + |*|)(||ti ||2 + P (a ^ )(1+a) « ||2). 

Collecting the above information one obtains the proof of Lemma 11.21 
Remarks: (a) The hypothesis (3 G (0, a) in Lemma Tl. 2 1 is necessary to bound 

||^({$a, t , Q M(0} V )l|2 = m $a,t,a(uo)(Oh, 



\v\ 1+a 

in the region when |£ + 77 1 < |£|/10 with |£| ~ \rj\ » 1 



u (( + v) drj\\ 



2 
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(b) We observe that if uo G <5(R), then the pointwise identities f|1.18[) - (jl.21|) 
hold for all (x,t) G K 2 . Therefore a density argument and the Strichartz estimate 
associated to the group {W(t) = W a (t) : t G R} (see [25]) 

(2.82) (/ ||^(t) Uo ||^ 2o d<) 1/(4+2a) <c|KI| 2 , «>0, 



show that under the hypotheses of Lemma ll.2[ (|1.18p - (|1.21[) hold for all x G K 
almost everywhere tel. 

3. Proof of Theorem 11.11 

Let uo G H S (R), s > | — |a, and x| p ito G L 2 (R) and consider the integral 
equation 

(3.83) = W a (i)u - / W Q (t - t')ud x u(t') dt'. 

Jo 

Define 

, , III"! = IMk^ + II M p »lli* + ||£^-Ci-H-)/a w || + ||„|| 
3.84 n * T 

+ INI^-i- + IIMUix- + Pr (1 - a)/2 HlL«L- + \\d„v\\ LPL? , 

where 1 + 1 = an d 1 + 1 = I with Pl = (l±£K|±l±g) ?1 = g^±sl , 

pi p2 1+a qi <?2 2 2 1 2s — 1+a ' 

p2= (l + a)(2,+l +a) )aIld 52 = 2s+1 + a . 

We will show that there exist r and T positive numbers such that 

(3.85) * : X r .T = C([0,T] : H S (R))\ ||||w|||| < r} ^ X r , T 
is a contraction. 

The homogeneous smoothing effect (|2.3ip and (|2.41j) yield 
\\y(u)\\ L¥Hs + \\Dl + ^/H{u)\\ L¥Ll 

< C || Uo ii a>2 +c^ /(l+o) iii3r (1 - o)/2 («^«)iiLi+-L 3 . 

(3.86) < c ||«o||., 2 + cT a /^ \\u\\ Ll+ . L¥ \\D s +( 1+ ^ 2 u\\ LTL , 

+ cT a '^\\D^ {1 - a)/ ML^LlA\dM\L^L ? 
< c\\uo\\s,2 + cT Q /( 1+a ) |||| U |||| 2 . 

Above we have used the fact that the norms \\D S X ^ a ^ 2 u\\ L Pi L n and ||9 a; u|| i P2 i 92 

are interpolated norms of ||-Dj + ^ 1+ ^ll^oo^ and |u||l°°l|,, thus the former norms 
are bounded by the latter ones. 

Next we estimate the |||x| p • ||£~£2-norm. We use (|1.18p - (|1.19l) in Lemma ITT21 

w\x\»*(u)\\ 2 < ii i^rv^ a .(*)« ii 2 + ni^r y w a {t-t')ud x u{t')dt'h 
(3 - 87) < iiN p «oii 2 +c(i+T)i| Mo || (1+Q)A2 + ii^r(^)ii^ L 2 

+ c(l + T){\\ud x u\\LlLl + \\D^+ a \ud x u)\\ LlLi ) 
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< HM P u || 2 + c(l + T)|| Uo || (1+a)p!2 
+ T\\\x\ p u\\ L¥L 2\\d x u\\ L ± TL ^ 

+ c(l + T)T^ 2 \\u\\ LlL¥ \\D^d x u\\ L ^ T 

+ c(l + T)T\\DPj 1+a M\L ¥ Ll HMU'L- 

< \\\x\Puo\\ 2 + c(l + T)\\u \\ s , 2 + T\\\x\P U \\ L¥Ll \\d x u\\ L ^ 
+ c(l + T)T^\\u\\ LlL¥ \\D»^d x u\\L~Ll 

+ c{l+T)T\\u\\ L ~ H .\\d x u\\ L%L «, 

<cr(|||ar|'«o||2 + IMU2) 
+ C T 1 / 2 (1 + T)(1 + T 1 / 2 )|||| M |||| 2 . 

since p(l + a) < § - |a and p(l + a) + 1 < | - |a + 

Now we estimate the L 2 maximal function norm for "J. We use the inequality 
(|2.35p . group properties, Leibniz's rule and the hypotheses to obtain 

ll^WIUliJ? < C T ||wo||(2+o)/4,2 

< C T ||U || S ,2 + CT 1 ^ J S -^- a y\ud xU )\\ LlLl 

(3.88) < c T |K|| S ,2 + cT^\\u\\ LlL¥ \\D°+^I 2 u\\l~lI 

+ cT\\u\\ L ^ H s\\d x u\\L^ 

<Cr\\u \\ s , 2 + CT X I\\ + r 1 /2)|||| u |f. 

To bound \& in the L^, +a L^?-norm we first use Lemma |2"^!1 then we introduce a 
cut-off function \ € C 1 ^, supp\ C (— 1, 1) and x = 1 on (—1/2, 1/2), to apply the 
inequality (I2.45P and obtain 

H*(t0lk+» i3? < c(||^(|xr+ U0 )||2 + ||uo||(4-«)/4,a) 
<c(|||x|"uo||a+||«o||.,2) 

(3.89) +cTV2|||x|P( U a x u)|| W +(^V2||I > .-(l-a)/2 ( ^ xU) || w 

<c(||H"uo||2 + ||«o|U,2) +cT|||a:|''«|| x «, £ »||Q e u|| £ 4 i . 

< cdlWuolla + KM + cT 1/2 (l + T^uf. 
Finally, we estimate d x ^ in the Strichartz norm 

\\d x nu)\\ L%L ~ < 4rtt a)/A u4Li+c\\D x ^y\ud x u)\\ L ^ 

< 4u4s.2 + cT^\\u\\ LlL¥ pi +(1+B)/2 «lk-L?, 
+ cT\\u\\ L¥H 4d x u\\ L ^ 

<c|| U0 || s , 2 + C T 1 /2(l +r l/2 ) || w ||2. 

From (j3T86|) - (f3T90|) we have that 
(3.91) < c T (||n || s ,a + \\\x\»u \\ 2 ) + + T)(l + T 1 / 2 )!^ 2 . 
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Taking r = 2ct(||wo||s,2 + || |cc| p 7Xo H2) and T sufficiently small such that 

cT a/1+a (l + T)(l + T 1/2 )r < 1/2 

we show that \1/ : X r T > X r ^. That ^ is a contraction follows from a similar 
argument. Since the remainder of the proof is standard we omit the details. This 
completes the local part of Theorem 11.11 

Next, we shall see how to extend it to any time interval [0, Ti]. We recall that 
u G H S (R) with s > 3/2 - 3a/4. So from the result in [22] one has that the IVP 
(jl.ip has a solution u\ such that 

(3.92) Ul G C([0,Tx] : H S (R)). 

From the result in [30] (Theorem 1.3) one also has that the IVP (II. ip has a 
solution U2 such that 

(3.93) u 2 G C([0,T 2 ] : ff s (K)), with T 2 = T 2 (|K|| S , 2 ) > 0, 
satisfying that 

HMik i~ = r \\ 9 Mt)wtdt<™, 

1 2 x 







|£)«-(l-«)/2fl „ 



(3.94) 



(£ 2 ([j,.B-l]x[0,T 2 ])) 

sup / / \D s - {1 - a],2 d x u{x,t)\ 2 dxdt <oo, 
iez Jo Ji 



jgz 0M)eb>J+ 1 ]*[°J r 2] 

Also from our above local result we have that the IVP (jl.ip has a solution 113 
such that 

(3.95) u 3 €C([0,T 3 ] :Z S , P ), with T 3 = T 3 (|KI| S ,2 + || |x|"u ||2) > 0, 
Clearly, one has that 

< T 3 < T 2 < T x . 

First, we observe that combining a density argument, the continuous depen- 
dence of the solution upon the data, the fact that s > 1/2 and the unconditional 
uniqueness in the class 

C([0,T*] : H 2 {R)), VT*>0, 

of solutions of the IVP (|1.1[) one gets that these three solutions u\, u 2 , u 3 agree in 
the common domain M x [0,T 3 ]. Since 

(3.96) sup |[ui(t)[[, i2 =A- = A-(||uo||,,2;Ti), 
te[o,Ti] 

we have an a priori estimate of the solution it 2 in the time interval [0, T 2 ] . Therefore, 
reapplying the local existence in [30] (Theorem 1.3) with At 2 = At 2 (if) > as 
in (|3.93[) Ti/A£ 2 -times we extend the solution u 2 to the whole interval [0, Tx] in 
the class defined in (|3.93|) and (|3.94|) with a bound in all these norms equal to 
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M = M(||u|| S) 2; Ti). Using this we shall show that U3 can be extended to the whole 
interval [0,Ti] in the class defined in (fLT0]) - (fLT2]l , 
For this it will suffice to get an a priori estimate of 

Sup |||x| p U 3 ||2. 

te[o,Ti] 

We use the inequality proved in [3T.: if b G (0, 1), then 
\\D b (fg)-fD b g\\ 2 <c\\g\\ 00 \\D»f\\ 2 , 

to get that 

\\D^\ud x u)\\ LlLl 

< c\\uD"^d x u\\ L%Ll +<T 1 ^\\d x u\\^L r \\D p ^ 1+a M\L ¥ L i , 

and 

\\uD^d x u\\LlLl = \\uD^+«)dM\q{L>m+i]x% m 

< c||M||i2 (ioo{b - !j + 1 ] x^^])) ||i? P(1 + a) + 1 'U.|| Z ~ (i 2 {b!j + 1] X[Q 

Using the above estimates, the argument in p.87|) and Lemma l2~6l it follows that 
for T € (0, T 8 ] 

SUp |||x| P U3||2 

te[o,T] 

< sup |||a;|'W (t)uo||2 + sup || \x\>> f W a {t - t')ud x u{t') dt'\\ 2 
te[o,T] te[o,T] Jo 

< \\\x\ P Uo\\ 2 + C(l + r)||«o||(l+a)p,2 + c\\\x\P{ud x U)\\ L X T L% 

+ c(l + T){\\ud x u\\ L , TLl + \\D^+ a \ud xU )\\^ Ll ) 

< llkl"uol|2 + c(i + r)|| Uo || s , 2 

+ cT^\\\x\"u\\ L¥Ll \\d x u\\ LiTLT 

(3.97) +c(l + T)(T sup \\u(t)\\l 2 + T^D^(ud x u)\\ LlLl ) 

t£[0,T] 

< \\\x\ p Uoh + c(l + T)\\u \\ s ,2 

+ cT^ 4 \\\x\pu\\ L¥Ll \\d x u\\ L , Loa +c(i + T)T sup ||«(*)||? )2 

te[o,T] 

+ C (1 + T)T 3 / 4 \\d x u\\ Li LT sup ||«(t)||. ia 

te[o,T] 

+ c{i + T)T 1 / 2 \\u\\ l , (L ^ m+1]Ao ^ 

< \\\x\ p u \\ 2 + c{l + T)\\u Q \\ s , 2 

+ cT 3 ^\\ \x\<>u\\ L¥Ll \\d x u\\ LjrL ~ + cTV2(i + T fM 2 . 
Hence, by taking T such that 

(3.98) cT 3 / 4 \\d x u\\ L 4 TL ^ < cT 3 / 4 M < 1/2, with T e (0,T 3 ), 
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one has that 



SUP |||X| P W 3 ||2 



te[o,r] 

( 3 - 99 ) < 2|| \x\ p u \\ 2 + 2c + 2c(l + T)M + 2cT 1/2 (l + T) 2 M 2 

< 2|||x|%)||2 + 2ci?(M). 

From (|3.98|) one has that the second term on the right hand side of (|3.99|) depends 
only on M = M(||tto||2; T\). Thus, the growth in the interval [0,T] is controlled by 
the double of its initial value plus a fixed constant (in the whole interval [0,Ti]). 
The same argument provides the result in any interval X C [0, T{\ of length \T\ < T. 
Hence, reapplying this method Ti/T-times we obtain the desired a priori estimate 
for 

sup \\\x\Pu 3 \\ 2 <C = C(|||x|" Uo || 2 ;|| Uo || s . 2 ;r 1 ). 
*e[o,Ti] 

which completes the proof of Theorem 11,11 

4. Proof of Theorem 11.31 

We fix a G (0, 1) and consider a datum uq such that 

u G H 3/2 - e (R), xu , xd x u G L 2 (R), and u eC'fl- {0}). 

with e > small enough such that for some p' > p a = 3 ^s+a-3a^) one ^ ias 

> -3o/4 + (1 + a)(p' - p a ) + e. 

By Theorem 11.11 and its remark (a) one has that for any T > the corresponding 
solution u(x,t) satisfies 

u e C([-T, T] : H 3/2 - e (R) n L 2 (\x\ 2p ' dx)). 
From the proof of Theorem 1 1.1 1 we have that 

u(t) = W„(t)tto - [ W a {t- t')ud x uit')dt' . 



Using the operator r a = x + (2 + a)tD 1+a and the hypotheses on uo we have 
that 

r a d x W a (t)u = {x + (2 + a)tD 1+a )W a (t)(d x uo) = W a (t)(xd x u ) G C(R : i 2 (K)). 
This tells us that for any i ^ one has that 

^ 1+a ^W a (t) Mo G C(K : iLW), 

therefore for any t ^ 

^ a (t) U0 G C 1 (R). 

In remains to show that for any t 

t 

Wq (t - t')ud x u{t')dt' G C^M). 
It will suffice to show that for any t ^ 
(4.100) / W B (i - t')ud x u(t')dt' G J ff 3/2+e (R). 
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We observe by interpolation between the group properties and (|2.34p one has 
that 

|| D 3/2+e r w j t _ t i)ud x u{t')dt\\ L ~ Ll 

Jo 

< cr (a-2 e )/(l +a )||^-(l-a)/2 (u ^ M) ||^ i + a)/(i+2e) ^ 

< cT^I^ \\u\\ L{1+a)/(1+2t)L J\D^+^u\\ L ^Ll 

Reapplying now the argument used in (|3.89[) we get that for e > and sufficiently 
small, ||u|| i (i + a)/(i+2s) L oo is bounded which proves (|4. 100|) . This completes the proof 
of Theorem 11.31 
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